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Abstract
The results of the Brouwer Fixed Point Theorem are extended to continuous dynamical systems. It is shown that if there exists
a compact convex positive invariant set for the dynamical system, then this convex positive invariant set contains an equilibrium
point. The existence of an interior equilibrium is shown for a general model of rumour transmission.
c© 2006 Elsevier Ltd. All rights reserved.
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1. Motivations
In the development of a mathematical model of rumour transmission [4] the general equations (1.1) below were
created, where xi represent the number of people in various states of belief about the rumour, ai j measures the flow
from state i to state j , and all the parameters Mi , ai j , φi , σi > 0:
x ′i = Mi +
i−1∑
j=1
a j i xi x j −
n∑
j=i+1
ai j xi x j − φi xi − σi xi , 1 ≤ i < n (1.1)
x ′n = Mn +
n−1∑
j=1
a jnx j xn − φnxn +
n−1∑
i=1
σi xi .
The issue of the existence of an equilibrium (a point such that x ′i = 0,∀i ) of the general system (1.1) at first presented
a problem. The resolution of that problem resulted in a powerful technique for establishing the existence of an
equilibrium of a continuous dynamical system on a compact set. This technique will doubtless be useful for other
applied mathematicians with high dimensional models containing parameters yet to be determined.
Recall that the Brouwer Fixed Point Theorem states that if a set is topologically equivalent to a unit ball, then any
map of that set to itself has a fixed point [1,2].
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2. Brouwer Fixed Point Theorem extended to dynamical systems
What follows is the Brouwer Fixed Point Theorem extended to continuous dynamical systems. A proof in R2 can
be found in [3].
Theorem 1. Consider a continuous dynamical system in Rn, d
−→
x
dt = F(−→x ). If there exists a positive invariant set,
K , which is topologically equivalent to the closed unit ball, Bn = {−→x ∈ Rn : ∑n x2i ≤ 1}, then K contains an
equilibrium point.
Proof. For each T ∈ (0,∞) construct a map GT : K → K that maps the flow to the flow time T later. Each
continuous map GT has a fixed point by the Brouwer Fixed Point Theorem since K is homeomorphic to a unit ball.
That is, for each T there exists a point, −→x T ∈ K that has period T under the continuous flow F(−→x ). Since K is
compact, the sequence {−→x T }T →0 has a limit point in K which is an equilibrium point of the dynamical system.
Therefore F(−→x ) has an equilibrium point in K . 
3. Our example application
Note that x ′i = Mi > 0 whenever xi = 0. For the system (1.1) consider the dynamic of the total number of people
and define max(φi ) = φmax and min(φi ) = φmin.
xtotal =
n∑
i=1
xi , x
′
total =
n∑
i=1
x ′i
x ′total =
n∑
i=1
Mi −
n∑
i=1
φi xi
n∑
i=1
Mi − φmaxxtotal ≤ x ′total ≤
n∑
i=1
Mi − φminxtotal.
This is a first-order differential inequality. Solving the left and right sides yields
n∑
i=1
Mi
φmax
≤ xtotal ≤
n∑
i=1
Mi
φmin
.
Therefore the set of points satisfying xi ≥ 0 ∀xi and
∑n
i=1 Mi
φmax
≤ xtotal ≤
∑n
i=1 Mi
φmin
is a positive invariant set. This
set is topologically equivalent to the unit ball. Thus by the theorem above, an equilibrium exists. This elegant result
for the n-dimensional rumour model is achieved with much less effort than for the direct method applied to even the
four-dimensional system and proves the existence of a nontrivial equilibrium to the general model (1.1).
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